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Summary of previous lecture

We saw how the risk could generally be decomposed as a term of
bias/approximation and a term of variance/estimation.

This decomposition highlights the trade-off that needs to be dealt
with in inference. This trade-off is related to the complexity of the set
of functions under consideration

Sets too simple lead to a large approximation error.
Sets too large lead to a large estimation error.

We defined this notion of complexity more precisely, using
Rademacher complexity and VC dimension, and saw it also
depended on the number of samples.

These notions are crucial in modern applications, where we
sometimes have few samples in high dimensions.



Plan for this lecture

With the notion of bias-variance decomposition in mind we now turn
to concrete examples of statistical learning methods.

Focus on penalized empirical risk minimization techniques, which
exactly implement the bias-variance trade-off.

We focus on linear classification models for supervised learning, i.e.,
inference using labeled data (label in the form of a class).

If no labeled data is available but we want to estimate and assumed
latent structure, we need unsupervised learning techniques (e.g.,
dimension reduction or clustering).

The same notion of bias-variance decomposition also applies in
the unsupervised case (we're still estimating models from data).

Once we have these techniques in place, we will consider kernels
as a way to obtain non-linear models.

First: a brief recap of constrained optimization techniques.



Intermezzo: constrained optimization basics

® \We consider equality and inequality constrained optimization over x
of a function f(x)

minimize  f(x)
subject to  h.(x)=0, fori=1,...,m,
and g;(x)=<0, fori=1,...,r,

® No assumptions on the form of f, g, and h.

®* We will show that the constrained and penalized forms are often
equivalent in some sense.

® | et the constrained solution be given by *, and thus f*=f(x*) for the
global constrained minimizer x*.



Lagrangian and dual function

® The Lagrangian of the optimization problem is given by
L: XXR"XR'»R

L(x,\ +Zl_ Ah +ZJ vy gJ

® | ambda and mu known as Lagrange multipliers, or dual variables.
® The Lagrangian dual function is given by

g: R"XR'»R

q(n,w)=inf, L(x,%,u)
=inf, X)"’Zil}\ﬁhi(x)"'z;ﬂ ptjgj(x)




Properties of the dual function

® The Lagrange dual function q is concave.
» Even in the original problem is not convex.

g: R"XR"»R
q(\,u)=inf, L( A ,u)
=inf +Zl_ A +Z, u;9;(x

® Proof:
> For each x the function (A,u) >L(x,A,u) is linear.

» The pointwise minimum of concave functions is concave,
therefore q is concave.



Properties of the dual function

® The dual function yields lower bounds on the optimal value f* of the
original problem if y is nonnegative:

q(h,w)<f
for u=0

® | et x* be any feasible point, i.e. h(x*)=0 and g(x*)<= 0.
® Then we have for any lambda and non-negative mu:

211 7\'l'hi<x*)"'z‘4;:1Ptjgj(X*)SO
L(x ,h,u)= +Zl_kh "'ZHMQJ <f(x)

a(hw)=inf, F)+ 20 MY g, (x)=f (x')



Relation primal and dual problem

® For the primal problem
minimize  f(x)
subject to  h.(x)=0, fori=1,...,m,
and g;(x)=<0, fori=1,..,r,

® The Lagrange dual problem is:

maximize q(A,u)
subjectto w=0

where q is the concave Lagrange dual function and lambda and mu
are the Lagrange multipliers associated with the (in)equality
constraints.



Weak duality

® |etd”* be the optimal value of the Lagrange dual problem.

® Each q(A,y) is a lower bound of the optimal value of the primal
problem.

® By definition d* is the best lower bound that can be obtained.

® Therefore, the following weak duality always holds:
d<f

® This inequality holds when d* or f* are infinite.

® The difference d*-f* is called the optimal duality gap of the original
problem.



Strong duality

® Strong duality holds if the optimal duality gap is zero, i.e. d*=f*.

¢ |f strong duality holds, then the best lower bound that can be
obtained from the Lagrange dual function is tight.

® Strong duality does not hold of general non-linear problems.
® Strong duality usually holds for convex problems.

® Conditions that ensure strong duality for convex problems are called
constraint qualification.



Slater's constraint qualification

¢ Strong duality holds for a convex problem (both f and the g's are
convex)

minimize  f(x)
subjectto Ax=b,
and g;(x)=<0, fori=1,..,r,

if it is strictly feasible,i.e. there exists at least one feasible point
that satisfies the constraints.



Dual optimal pairs

® Suppose that
» strong duality holds,
> X*is primal optimal,
> (A*,u*) is dual optimal

then we have
f(x)=q(r",u)
=inf, [f(x)+ 2 A h(x)+Y_ wig,(x))
FO+ 2 b (Y wg,(x)
< f(x)

® Therefore, both inequalities are in fact equalities.

IA



Complementary slackness
® The second equality

X2 MY g (x)=F(x)

shows that for all j:

19, (x)=0

® This property is called complementary slackness:
either the i-th optimal Lagrange multiplier is zero
or the i-th constraint is active at the optimum.



V4

Reminder: Structural Risk Minimization

1) Define nested function sets of increasing complexity.
2) Minimize the empirical risk over each family.
3) Choose the solution giving the best generalization guarantees.

Define a complexity measure over functions, and consider the
classes H,SH,<..,

where H,=f:Q(f)<u,}, and w<p,<..

Then in step 2 we solve minfeHjZizl L(y.f(x,),

We minimize the empirical risk while restricting ourselves to sets of
functions of increasing complexity.

This results in constrained optimization problems. Solving these
problems for different loss functions and function spaces is an active
topic of research.

informatics, ¥ mathematics



Equivalence with a penalized estimator

®* We will mostly discuss penalized estimators

minfeHZ?zlL(Yi,f(xi))+}‘g(f>

® The first term favors a good fit to the data, the second one favors
reqularity of .

®* We will show that the constrained and penalized forms are often
equivalent in some sense.

® The approach will stay the same: we define a regularization function
Q) which is relevant for our problem and we compare the
generalization performances of the functions obtained for
decreasing values of A.



Equivalence with a penalized estimator

® |n some cases, the constrained problem

MiNgr <, Zizl L(y,f(x)),

Is equivalent in some sense to the penalized problem

mingey 2, L(yif(x,)+1Q(f)

® Any solution of the constrained problem is a solution of the
penalized problem, depending on y and A .

> The latter problem is sometimes easier to solve in practice.

The estimator obtained from the latter problem sometimes corresponds
to a maximum posterior likelihood problem.

>



Equivalence with a penalized estimator

® (Consider the case with
» L convex
» () convex
> Assume there exists an fwith Q(f)<u

® | et us define

f,eargmin, L(f)+rQ(f)

f.Earg ming ., L(f)



Equivalence with a penalized estimator

We first show that the solution of the penalized problem
f,=arg min, L(f)+k§2(f)

corresponds to a solution of the constrained problem for some mu.

Let us constrain the maximum complexity to u=Q(f, )
> Clearly the constraint is satisfied for [,

Suppose there exists another function ' with
L(f')<L(f;)
Qf ) =u

then L(f')+rQ(f")<L(f,)+1rQ(f,)

which contradicts the optimality of f1. for the penalized problem.



Equivalence with a penalized estimator

®* \We now show that the solution of the constrained problem
fM:arg minQ(f)su L(f)

corresponds to a solution of the penalized problmem.

® | et us define the Lagrangian of the constrained problem as

L(f.M)=L(f)+rQ(f)-u
e The dual of the constrained problemis  q(A)=min, L(f,\)

e Notethat q(A)=min, L(f,A)=L(f,,A)
® By strong duality we have

ming(f)suL(f):maxxzo ming L(f:K):maxxzo ( L(h)"')\(Q(fk)_M) )



Equivalence with a penalized estimator

ming(f)SML(f)ZmakaO ming L(f,?»)ZmakaO ( L(f}»)"')\(Q(f?»)_M) )

® |n addition, by Slater's conditions again, there exists A* such that
L(f.)=ming ., L(f)=L(f,-)+N (Q(f,)—u)

® By complementary slackness, it is necessary that A Q(fx*)—u)ZO

which implies that L(f,)=L(f,-) and

» Either A*=0 and therefore the constrained problem gives the
solution to the zero penalty case: L(f,)+0Q(f,)=L(f,-)+0Q(f,-)

» Or Q(fk*)ZMand therefore the constrained problem gives the
solution to the penalized case

L{f )+ 2 Qlf J=L{f, )+ Q(f)<Lf, )+ Qf, )



Equivalence with a penalized estimator

® |n some cases, the constrained problem

MiNgr <, Zizl L(y.f(x;),

Is equivalent in some sense to the penalized problem

minfeHZ?zl L(yz':f(xi))"'}‘g(f)

® Any solution of the constrained problem is a solution of the
penalized problem, depending on y and A .

> The latter problem is sometimes easier to solve in practice.

The estimator obtained from the latter problem sometimes corresponds
to a maximum posterior likelihood problem.

>



An example: the L2 penalty for a linear model

T
® | et us consider a linear model fe(x)ze X, xER’
® The penalty function Q(fe):||6||§

® One of the most common penalty functions
> |n support vector machines for classification.
> In ridge regression.

® | eads to functions with the following type of regularity:

» Two points that are close in terms of the Euclidean norm have
similar function evaluations.

» Direct consequence of the Cauchy-Schwarz inequality:

f(x)=f(x)=10"x—06"x'|=]0" (x—x)

<[|6llllx=x"1],



An example: the L2 penalty for a linear model

_nT p
® | et us consider a linear model fe(x)—e X, XER

_ 2
® The penalty function Q<fe)— 1611,

® | eads to functions with the following type of regularity:

» Two points that are close in terms of the Euclidean norm have
similar function evaluations.

|f(X)—f(X ') S||9||2||X—X'||2

® This property can limit overfitting, and improve generalization: it
makes functions behave similarly over similar, potentially
unobserved, data.

® Of course, if there is no good predictor with this kind of regularity,
the risk can be high because of the approximation error term.



Common loss functions for regression

® |2 loss (considered before): L(y,f(x))Z(y—f(x))2

® L1loss: L(y,f(x))=|y—f(x)|
> more robust against large errors
> Bayes estimator gives median instead of mean

— L2 loss

N

—L1 loss




Common loss functions for classification

> Hlnge loss:
> Logistic loss:

y=sign|f (x)|
x))=ly,
L(ynf(xl))zmax 0,1__yi[gxl))
L(y.f(x;))=log,[1+e """

- --zero-one loss
—hinge loss
—logistic loss




Common loss functions for classification

® Assign class label using y=sign( (x )
Zero-One loss: L(y;,f(x;))=[y;f(x,)=0]
Hinge loss: (yl, (X1>> maxOl Yi ( ))
it . L(y,f(x.))=lo 1+e_yf )
Logistic loss: Yif(x, )

® The zero-one loss counts the number of misclassifications, which is
the “ideal” empirical loss.

Discontinuity at zero makes optimization intractable.
® Hinge and logistic loss provide continuous and convex upperbounds

® Combined with convex penalties this leads to convex objective
functions, for which global optima can be found.

® Methods based on convex objectives are also simpler to analyze.

® Convexity does, however, not guarantee better performance than
non-convex counterparts in practice!

informatics g”mathematics
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Binary linear classifier

® Decision function is linear in the features: f(x)=w' x+b
* Classification based on the sign of f(x)

® Decision surface is (d-1) dimensional o .
hyper-plane orthogonal to w . ° .
® Offset from origin is determined by b e So * °

k ® e e e

® We drop offset b, absorb it in x and w T
x(—(le)T
we(w'b)'

®* We will now consider the two most commonly used linear classifiers
> Logistic discriminant
> Support vector machines



Logistic discriminant classifier

® Map linear score function to class probabilities with sigmoid
p(y=+1|x)=0(w'x)

® For binary classification problem, we have by definition
ply=-1[x)=1-p(y=+1|x)

> Exercise: show that p(y=—1|x)=c(—w' x)




Logistic discriminant classifier

® Map linear score function to class probabilities with sigmoid.
® The class boundary at f(x)=0, or equivalently p(y|x)=1/2.
® Soft transition between class assignment along decision boundary.

T2




Logistic discriminant classifier

® Probability of class y given by sigmoid of score function times label
plylx)=o(yw’x)

® | og-likelihood of correct classification of i.i.d. data in training set

long_ p(yilx;) Z?zllogp<.yi|xi)
= Z?:l log G<inTXi)
= —Z?zl log (1+EXP (—yinxl.))

— _Llogistic (.yz ’ WT Xi)

® \We have obtained the logistic loss as negative log-likelihood



Logistic discriminant estimation
® Estimate classifier from data by minimizing, e.g. L2, penalized loss:
. n T 1 7
manZ:i:1 L(y,w xl.)+7\§w w

:minWZ::l:1 10g(1+EXp(—inTXI-))+7\%WTW

8L<yi’wai>

® Exercise 1: derive the gradient 5 =—y.(1-p(ylx))x,
W

® Exercise 2: Show that this is a convex optimization problem



V4

2

Logistic discriminant estimation

Solve objective function using first or second order methods
: 4 T 1 7
mmwz‘i:1 10g(1+exp(—yiwxi))+k§w w

» E.g. using gradient descent, conjugate gradient descent,...
» Stochastic gradient descent for large-scale problems

OL(y.,w' x.
Recall the gradient bgww Xl)z—yi(l—p(yi|xi))xi

Consider gradient descent, starting from w=0

» Each step we add to w a linear combination of the data points
» Magnitude of weight given by probability of misclassification
» Sign of weight given by the label

The optimal w is a linear combination of the data samples
» L2 regularization term does not change this property

informatics g”mathematics

LA~



Support Vector Machines

®* Find linear function to separate positive and negative examples

® Which function best separates the samples ?
> Function inducing the largest

y=+1 : w x,+b>0
y=—1 : w x+b<0




Support vector machines

® Witout loss of generality, define function value at the margin as +/- 1
® Now constrain w to that all points fall on correct side of the margin:
y(w'x,+b)=1

® By construction we have that the “support vectors”, the ones that define the
margin, have function values

WTxl_+b:yi f(X)z‘{ @

® Express the size of the margin

in terms of w. @
®
@
@
4
informatirs/mathemm‘irs Support VeCtorS M .
2L argin



Support vector machines

Let's consider a support vector x from the positive class f(x):wT x+ b=1
Let z be its projection on the decision plane

» Since w is normal vector to the decision plane, we have ZzZ=Xx—daw

> and since z is on the decision plane f(z)=w (x—ow)+b=0

O
Solve for alpha WT(x—qw)+b:O »
w' x+b—aw' w=0
T
ow w=1
= 1 ®
Iwl];

Margin is twice distance from x to z
Ix=z[[,=[Ix=(x—aw),

lowll,=alwl],

wil, 1

2

Support vectors £

[wl

2

Iwll,



: informatics g”mathematics Support Vectors

Support vector machines

® To find the maximum-margin separating hyperplane, we
» Maximize the margin, while ensuring correct classification
> Minimize the norm of w, s.t. V.: y (w'x,+b)>1

® Solve using quadratic program with linear inequality constraints over
p+1 variables

f(x)=-1
\ @

.1 _
argmin, ,— w'w fx)=0

subject to y.(w' x,+b)>1




Support vector machines: optimization

® The primal version of the optimization problem:
argminW%wTW

subject to y.(w' x.+b)>

® For each constraint, i.e. for each data point, we introduce a
corresponding dual variable alpha, which leads to the Lagrangian:

L(w,b,0)= %ww le 1( (w'x+b)—1 )

> Note sign-swap of constraint terms, since here we have larger-
equal, rather than smaller equal as in the general presentation.



Support vector machines: optimization

L(w,b,0)= %w w— Zl . 1( (w'x.+b)—1 )

® The Lagrangian is convex and quadratic in w.
® |tis minimized w.r.t. w for:

VWL:W_Z;; a;y;X;=0
W:Z?:laiyixi

® The Lagrangian is affine in b.
® |t has minimum minus infinity, except when:

VbL:Z?zl a; y;=0



Support vector machines: optimization

®* We therefore obtain the Lagrange dual function:

q(oc)Zinfw,b L(w,b,a)

otherwise © — o0

® The dual problem is:
maximize q( )

subjectto a>0



Support vector machines: optimization

® The dual problem is therefore equal to

o n 1 n T
maximize Zl_zloti—zzi jop ViV X X

subject to
a=0, le a; y;=0

® This is a quadratic program with n variables, with simple linear
constraints.

® Note that the data is accessed only in terms of pairwise dot-
products.

® | ess variables to solve with respect to primal problem, if we have
less data points than dimensions.



Support vector machines: inseperable classes

® For non-separable classes we incorporate hinge-loss

L(yi’f<xi)>:max(0’1_yif(xi))
® Recall: convex and piecewise linear upper bound on zero/one loss.

» Zero if point on the correct side of the margin
> Otherwise given by absolute difference from score at margin

3.5

- --zero—one loss
3 —hinge loss |




Support vector machines: inseperable classes

® Minimize penalized loss function
min,, , K%WTW + Zi max (0,1—y.(w' x,+b))

> Quadratic function, plus piecewise linear functions.

® Transformation into a quadratic program
» Define “slack variables” that measure the loss for each data point
» Should be non-negative, and at least as large as the loss

i

minw,b,{g} k%wTW + Zl_gi

subject to V,: €.>0 and £ >1—y,(w' x,+b)

® Solution of the quadratic program has again the property that w is a
linear combination of the data points.



Dealing with more than two classes

® So far, we have only considered the, useful, case for two classes
> E.g., is this email spam or not ?
® Many practical problems have more classes

> E.g., which fruit is placed on the supermarket weight scale: apple,
orange, or banana ?

® First idea: construction from multiple binary classifiers
> Learn binary “base” classifiers independently

® One vs rest approach:
> Train:1vs(2&3), 2vs (1&3),3vs(1&2)

® |ssue: regions claimed by several classes

Ca



Dealing with more than two classes

® One vs one approach:
» Train: 1vs2,and1vs3,and 2vs 3

Gy

® |ssue: conflicts in some regions



Dealing with more than two classes

® |nstead: define a separate linear score function for each class
fi(x)=wi x
® Assign sample to the class of the function with maximum value

y:argmaxkfk<x)

® Exercise 1: give the expression for points  R;
where two classes have equal score —

R
—® X B
AN
X

XA o=

® Exercise 2: show that the set of points

assigned to a class is convex

» If two points are assigned to a class, then all points on connecting line
P are also assgined to that class.

: informatics g”mathematics



Multi-class logistic discriminant classifier

® Map score functions to class probabilities with “soft-max”

fulx)=wi x oly=clx)m L)

2, exp(filx))

> The class probability estimates are non-negative, and sum to one.

® Relative probability of classes changes exponentially with the
difference in the linear score functions

ply=c|x) _exp(f.(x))

p<y:k|X)—exp(fk(x)>:exp<fc(x)_fk(x>>

® For any given pair of classes, they are equally

likely on a hyperplane in the feature space




Multi-class logistic discriminant: estimation

® Consider the likelihood of correct classification of i.i.d. data in training set

log H:l:l P(yi|Xi)=Z:l:1 log p(yi|xi>
=3 [f,(x)-10g 2 explf, (x,)

® As before, we define loss function as negative log-likelihood

L(y,(f,(x))==F,(x)+log > _ exp(f,(x))

® Estimate model by means of penalized empirical risk
1K 7
min Zl_ y,, fk +7\§Zk:1Wk Wi

® This objective function is also convex in the w vectors



Multi-class logistic discriminant: estimation

® Derivative of loss function has an intuitive interpretation
> Focus on pomts with poor classification, w is linear combination of x's

L= Lly,{f(x))
LS Ly =k]-ply,=klx)|x,

ka

n

® Gradient is zero when Zizl[yi:k]xl ,1P( =k|x;) x,

> If x also contains the constant 1 as last element then empirical count of each
class matches expected count.

> Iy=kl=>_ p(y=klx)

> Therefore, for each class 1% order moment matches for empirical distribution
and the model's class conditional distribution.

Zizl[yi:k]xi_ i:1p<yi:k|xi)xi

5 informaties 7 mathematic Z ?: i [ Yi— k] Zln —1 p ( Yi= k | Xi)




Summary of linear classifiers

Two most widely used binary linear classifiers:
» Logistic discriminant, also considered the extension to >2 classes.
> Support vector machines, similar multi-class extensions exist.

Both minimize convex upper bounds on the 0/1 loss

In both cases the optimal weight vector w is a linear combination of
the data points n
P w= Zi:l o, X;

Therefore, we only need the inner-products between data points to
use the classifier. This also holds for the optimization of w.

f(x)=w x+b
ZZ?:loci(x;‘rx)+b



Nonlinear Classification

® So far we just considered linear classifiers.
® Obviously limits the problems that can be addressed.
¢ What to do it the data is not linearly separable?

*—O o0 — 00 —09 L —
0 X

® Similar to what we considered last week for regression with higher-
order polynomials, we can do linear classification on non-linear
features. For example augment map the data to R* by adding x°.

Slide credit: Andrew Moore



Non-linear feature mappings for classification

® Map the original input space to some higher-dimensional feature
space where the training set is separable

® Data occupies a (non-linear) subspace of dimension equal to the
original space.

® Which features could separate this 2dimensional data linearly ?

F 3
4 @
@
@
o o O: x—>o(x) °
o TN e "
. o |® [ ]
,ff ® k ’ ® e
@ @
e H ® e @
- > e
@
@ e >
P ® ® o ®
® @
. ........................... .
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Non-linear feature mappings for classification

® Remember that for classification we only need dot-products.

® | et's calculate the dot-product explicitly for our example.
> New dot-product easily computed from the original one.

— T .
X2 k(X,Z)_(p<X) (p(z)_?
: — 2.2, 2 2 2
(p(x): X2 —X1Z1+X2Z2+ X1X221Z2
2 = 2
\/§X1X2 _(X1Z1+X2Z2)
T |4
A :(X Z)
e
e
® S :
®e 7 o o X_)(P(X)
L o — .
e ) ® | .
e ° . .
> L
L
e ° ®
° e
e ., @ e e o . .
s |
informatics g”mathem ati’ ............. ®




Non-linear feature mappings for classification

® Suppose we also want to keep the original features to still be able to
implement linear functions

> Again efficient computation in 6d, roughly at cost of 2d dot-product

1 k(x,y)=p(x) o(y)="?
V2 x,

=1+ ZXTy+ (xTy)2

V2 x 2
| 2 ye
@ ( X ) — 2 =[x y+1
X 1 A
2 A
X o
®
,\@% .
ot 1 e . e
. '..“_‘..-- ........ . . @ : X _) (P(X)
S e |® ®
® ° o o © -
° [ e e
> ®
[ o
® e
o ®
® -
® [ ® o o [ |
. ............. .
7 ....‘o. “.,"
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Non-linear feature mappings for classification

® What happens if we do the same for higher dimensional data
» Which feature vector Cp(X) corresponds to it ?
k(x,y)Z(xTy+ 1)2=1+ 2XTy+ (xTy)2
» First term, encodes an additional 1 in each feature vector

» Second term, encodes scaling of the original features by sqrt(2)
> Let's consider the third term (7 [°=(x, y + ..+ x,, y,,

D D—1 <D

:Zd:1<xdyd)2+22d:1 y:,-:d,,l(xd)’d)(xiyz')
D D-1 <D

:Zd:]_ Xflyfl-l-zzd:l Zi:d+1 (dei)(.ydyi)

> In total we have 1 + 2D + D(D-1)/2 features !
» But computed as efficiently as dot-product in original space

cp(x):(l,Vixl,\/ixl...,\/EXD,xi,xé,...,x%,\/Exlxz,...,\/ExlxD,...,\/ixD_lxD)

T

Original features Squares Products of two distinct elements



Nonlinear classification with kernels

® The kernel trick: instead of explicitly computing the feature
transformation @(x), define a kernel function K such that

K(xi, x;) = @(x;) - 9(x;)

* \We will see that conversely, if a kernel is positive definite then it
computes an inner product in some feature space, possibly with
large number or infinite number of dimensions.

® This allows us to obtain nonlinear classification in the original space:
f(x) = b+w o(x)
— b+z,- aicP(Xi>T(P(X>
= b+zi o k(x;,x)



Summary linear classification

Linear classifiers learned by minimizing convex cost functions
Logistic loss: smooth objective, minimized using gradient descent, etc.
Hinge loss: piecewise linear objective, quadratic programming
Both require only computing inner product between data points

Non-linear classification can be done with linear classifiers over new
features that are non-linear functions of the original features

Kernel functions efficiently compute inner products in (very) high-
dimensional spaces, can even be infinite dimensional.

Using kernel functions non-linear classification has drawbacks
Requires storing the support vectors, may cost lots of memory.

Computing kernel between new data point and support vectors may be
computationally expensive

Kernel functions can also be used for other linear data analysis
Principle component analysis, k-means, CCA, regression, ...



Representation by pairwise comparisons

® We can think of a kernel function as a pairwise comparison function

K: XXX=R

* Represent a set of n data points by the n x n matrix [K],=K(x;,x;)

® Always an n x n matrix, whatever the nature of the data
» Same algorithms will work for any type of data: images, text...

®* Modularity between the choice of K and the choice of algorithms.
® Poor scalability with respect to the data size (squared in n).

®* We will restrict attention to a specific class of kernels.



Positive definite kernels

® Definition: A positive definite kernel on the set X is a function

K: XXX=R
which is symmetric:

V(x,x")eX’: K(x,x')=K(x',x)

and which satisfies
YneN

V(x, ..,x,)€R" and (q..,a,)ER"

Zl 121 4,4, K(x;,x, )>O

® Equivalently, a kernel K is positive definite if and only if, for any n
and any set of n points, the similarity matrix K is positive

semidefinite: .
a Ka=0



The simplest positive definite kernel

® | emma: The kernel function defined by the inner product over
vectors is a positive definite kernel.

» This kernel is known as the “linear kernel”

K: XXX=R
V(x,x")eX’: K(x,x')=x x'

® Proof
> Symmetry:  K(x,x')=x"x'=(x')'x=K(x',x)

» Positive definiteness:

Z, 1ZJ 1ala]K XI’X] Z, 121 1ala]X1X' _Hzl 1 a; 1||2—



More generally: for any embedding function

® | emma: The kernel function defined by the inner product over data
points embedded in a vector space by a function ¢ is a positive
definite kernel.

K: XXX-2>R
V(x,x')eX": K(x,x')=(@(x)o(x"),

® Proof
> Symmetry:  K(x,x")=(¢(x),9(x"))y=(o(x'),0(x)),=K(x',x)

» Positive definiteness:

> 1ZJ 4,0, K (x, %)= 1ZJ La,a(o(x),0(x)e=12_ a0(x)|}=0



Conversely: Kernels as inner products

® Theorem (Aronszajn,1950)

K is a positive definite kernel on the set X if and only if there exists a
Hilbert space H and a mapping

. X->H
such that for any x and x' in X

K(x,x")=(o(x),0(x")),

® Establishes the correspondence between kernels and
representations.



Some definitions

® An inner product on an R-vector space H is a mapping

HxH-R
(f.g) »{f.9)u

that is bilinear, symmetric, and such that (f,f),;>0 forall feH\O0

® A vector space endowed with an inner product is called pre-Hilbert.
It is endowed with a norm defined by the inner product as

Ifll={f, )

®* A Hilbert space is a pre-Hilbert space complete for the norm
defined by the inner product.

In other words: any Cauchy series of points in H, has a limit in H.

Aseries [ f,f5 ... is Cauchy if for any e>0 there exists some N, such
that for any m,n>N we have that ||f ,—f .|| ;<€



Proof, for the case of finite sets X

® Suppose X is a finite set of size n: X={x, x, ..., X,,]

® Any positive definite kernel K: XX X- Ris entirely defined by the

n x n symmetric positive semidefinite matrix [K],=K(x;,x;)

® The kernel matrix can therefore be diagonalized on an orthonormal
basis of eigenvectors with non-negative eigenvalues

K=UAU'
> Eigenvectors are the columns of U.
> Eigenvalues in the diagonal matrix lambda.

® Therefore K(x,.,xj)z[UAUTLJ:ZjV:l (i) u, ()
=(glx),9(x,)

with CP(Xi>:(\/}\_1u1<i)’\/r2u2<i)"-’\/Tnun(i))ir
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